KEY CaLcuLus 2 ExaMm 1 - FALL 2008 DR. JEFFREY PAUL WHEELER

1. (12 points) Find the area of the region bounded by the curves y = 2 — x, y = 4 — 22, and
x = 5. You do not have to evaluate the integral.

First, draw the picture!. Then find the intersection points for the curves y =2 — x
and y =4 — 2%

21 =4— 2
2 —r—-2=0
(x—=2)(z+1)=0

Hence, z = 2, —1.

Looking at the picture you will see two regions that are bounded by these three curves
and the area is given by

Area — /_ (4—22) — (z — 2))dz + /2 (2 — 2) — (4 — 2%)|dz.

1

2. (12 points) Find the area of the region bounded by the curves y = z — 2, y = 4 — 22, and
x = 4. You do not have to evaluate the integral.

First, draw the picture!. Then find the intersection points for the curves y = 2 — x
and y = 4 — 2%
r—2=4—2°
2 +1—-6=0
(x+3)(x—2)=0
Hence, x = —3, 2.

Looking at the picture you will see two regions that are bounded by these three curves
and the area is given by

Area = / (4 — 2?) — (z — 2)]dz + /2 [(x —2) — (4 — 2%)|dz.

-3
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3. (12 peints) Find the area of the region bounded by the curves y = 2 —z, y = 4 — 2%, and
x = —b5. You do not have to evaluate the integral.

First, draw the picture!. Then find the intersection points for the curves y =2 — x
and y =4 — 2%

21 =4— 2
2 —r—-2=0
(x—=2)(z+1)=0

Hence, z = 2, —1.

Looking at the picture you will see two regions that are bounded by these three curves
and the area is given by

2

Area — /_ (2 —2) — (4 — 22)]de + / (4 — 22) — (2 — 2)du.

5 -1

4. (12 points) Find the area of the region bounded by the curves y = 2 — 3, y = 9 — 22, and
x = 4. You do not have to evaluate the integral.

First, draw the picture!. Then find the intersection points for the curves y = x — 3
and y = 9 — 2%
r—3=9— 2
P +r—-12=0
(x+4)(x—3)=0
Hence, x = —4, 3.

Looking at the picture you will see two regions that are bounded by these three curves
and the area is given by

Area = / (9 — 2?) — (z — 3)]dz + /3 [(x —3) — (9 — 2%)|dz.

—4
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5. (12 points) Find the area of the region bounded by the curves x +y = 0 and x = y? + 3y.

Note that since the second equation is difficult to solve for y, we will write our equations
as functions of y and therefore integrate with respect to y.

Next, draw the picture!. Then find the intersection points for the curves x = —y and
x = y? + 3y
.2
—y=y +3y
y* 44y =0
yly+4) =0

Hence, y = —4,0.

Looking at the picture you will see that the area is given by

Area = /_ [(—y) — (¥ + 3y)]dy

4

[ - iy

4
/ [y* + 4y)]d
0

—4
y* + 2y )

(3
(729

_32
3
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6. (12 points) Find the volume of the solid obtained by rotating the region bounded y = = and
y = x? about the z-axis. You do not have to evaluate the integral.

Draw the picture!!!

The intersection points are:

2

=z
2> —z=0
z(r—1)=0

Hence, x =0, 1.

Washer Method
If you chose to slice perpendicular to the z-axis, you must use the washer method where
your washer has thickness dz:

outer inner
[2° — (2)*|dx

m[x? — 2*]dx.

Volumeyasher = T(T200r — Touner AT
=7

Therefore,
1

Volumegiqg = 7 / [2? — 2Ydr = ==
0

Shell Method

If you chose to slice parallel to the z-axis, you must use the shell method where your
shell has thickness dy (and thus you are working with the equations = y and x = |/y
and the intersection points 0 and 1):

Volumeshen =1-h- dy
=2my- (Vy—y)dy
= 2m(y? — y*)dy.

Therefore,

27

1
Volumeg,iq = 27?/ (y% — %) dy = .
; 15
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7. (12 points) Find the volume of the solid obtained by rotating the region bounded y = x and
y = z* about the z-axis. You do not have to evaluate the integral.

Draw the picture!!!

The intersection points are:

4

rT=z
t—x=0
r(z* —1)=0

Hence, x = 0, 1, and two complex roots.

Washer Method
If you chose to slice perpendicular to the z-axis, you must use the washer method where
your washer has thickness dz:

outer inner
(2% — (2%)?]da

m[z? — 2% d.

Volumeyasher = T(T200r — Touner AT
=7

Therefore,
1

Volumegyiqg = 7T/ [2? — 2%)de = =
0

Shell Method

If you chose to slice parallel to the z-axis, you must use the shell method where your
shell has thickness dy (and thus you are working with the equations = y and r = ¥y
and the intersection points 0 and 1):

Volumesheu ={-h- dy
=2my - (Vy — y)dy
= 2r(yi — y?)dy.
Therefore,

27

1
Volumeg,iq = 27?/ (?ﬁ —y*)dy = 5
0
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8. (12 points) Find the volume of the solid obtained by rotating the region bounded y = = and
y = z* about the y-axis. You do not have to evaluate the integral.

Draw the picture!!!

The intersection points are:

4

rT=z
t—x=0
r(z* —1)=0

Hence, x = 0, 1, and two complex roots.

Washer Method

If you chose to slice perpendicular to the y-axis, you must use the washer method where
your washer has thickness dy (and thus you are working with the equations x = y and
r = Yy and the intersection points 0 and 1):

(rter = Timer) Y

inner

T
= 7[Wy* — y*|dy

Volumeyasher =

Therefore,
1
VOthleSO]id = 7T/ [W - yQ]dy =
0

Shell Method
If you chose to slice parallel to the y-axis, you must use the shell method where your
shell has thickness dx :

Volumeg,ey =1-h-dx
=2nz - (v — 2*)dx

= 2n(2® — 2°)dx.

Therefore,

1
Volumeg,iqg = 27r/ (2 — 2°)dx = %
0
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9. (12 points) Find the volume of the solid obtained by rotating the region bounded y = = and
y = x> about the z-axis. You do not have to evaluate the integral.

Draw the picture!!!
The intersection points are:

3

r=ux
2 —x=0
r(z? —1)=0

Hence, z =0, —1, 1.

Washer Method
If you chose to slice perpendicular to the z-axis, you must use the washer method where
your washer has thickness dz:

_ 2 2
VOhlmeW&Sher - 7T(Touter - Tinner>dx

= n[2? — (2*)*]dx

2

Therefore,

Volumeg,jqg = 7 / 2 — 28
2 — a8 )
/ T 921

Shell Method

If you chose to slice parallel to the z-axis, you must use the shell method where your
shell has thickness dy (and thus you are working with the equations x = y and r = ¢y
and the intersection points —1, 0 and 1):

Volumeghey =1 h - dy
=2my - (Vy —y)dy
=27 (ys — y*)dy.
Therefore,

1

Volumegiq = 27?/ (y% — %) dy

-1
8

1
4
:4 7—2d = —
7T/O(.w y~)dy 51
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10. (12 points) Find the volume of the solid obtained by rotating the region bounded y = x and
y = x> about the y-axis. You do not have to evaluate the integral.

Draw the picture!!!
The intersection points are:

3

r=x
2 —x=0
(2> —1)=0

Hence, z =0, —1, 1.

Washer Method

If you chose to slice perpendicular to the y-axis, you must use the washer method where
your washer has thickness dy (and thus you are working with the equations x = y and
r = /y and the intersection points —1, 0 and 1):

Volumeyasher = T(F2yer = Tinner) 4y
= 7[y/y° — y*ldy
= 7y —?dy
Therefore,
1
Volumegyyq = / 1[y§ - yQ}dy
1
= 2#/0 lys —y)dy = %

Shell Method
If you chose to slice parallel to the y-axis, you must use the shell method where your

shell has thickness dz :

Volumesheu =[-h-dr
=272 - (v — 2°)dw

=21 (2® — 2Y)dx.

Therefore,

1
Volumeg, ;g = 27 / (z* — 2%)dw

-1

1
= 47r/ (2 — 2%)dr = 8—7T
0
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11. (4 poimisyFind the volume of the solid obtained by rotating the region bounded y = x and
y = x? about the line y = 2.

Draw the picture!!!

The intersection points are:

2

=z
2> —z=0
z(r—1)=0

Hence, x =0, 1.

Washer Method
If you chose to slice perpendicular to the line y = 2, you must use the washer method
where your washer has thickness dzx:

(Tguter - T?nnm")dq;

7[(2 — 2%)? — (2 — 2)*|dw
m[r* — 527 + 4a]dw.

Volumeyasher =

Therefore,

! 8w
VOhlIIleSO]id = 7T/ [ZE4 — 51‘2 + 4x]dq; = B
0

Shell Method

If you chose to slice parallel to the line y = 2, you must use the shell method where your
shell has thickness dy (and thus you are working with the equations = y and x = |/y
and the intersection points 0 and 1):

VOhlIIleshe]] ={-h- dy
=212 —y)- (Vy—y)dy
= 2m(2/y — 2y — y? + 1)dy.

Therefore,

8

1
Volumegoia = QW/ 2V — 2y —y? +y?)dy = =
0
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12. (2 poimis)A tank has the shape of the bottom half of a sphere of radius 5m It is filled with
water to a height of 3m. Find the work required to empty the tank by pumping all
the water out the top of the tank (the density of water is 1000kg/m3, mass = density -
volume and g = 9.8m/s?). You do not have to evaluate the integral.

10
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13. (2 poimis)A tank has the shape of the bottom half of a sphere of radius 6m It is filled with
water to a height of 4m. Find the work required to empty the tank by pumping all
the water out the top of the tank (the density of water is 1000kg/m3, mass = density -
volume and g = 9.8m/s?). You do not have to evaluate the integral.

11
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14. a2 poinis)A tank has the shape of the bottom half of a sphere of radius 5m It is filled with
water to a height of 4m. Find the work required to empty the tank by pumping all
the water out the top of the tank (the density of water is 1000kg/m3, mass = density -
volume and g = 9.8m/s?). You do not have to evaluate the integral.

12
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15. a2 poms)A tank has the shape of an inverted circular cone with height 10m and base radius
5m. It is filled with water to a height of 7m. Find the work required to empty the tank
by pumping all the water out the top of the tank (the density of water is 1000kg/m?,
mass = density - volume and g = 9.8m/s?). You do not have to evaluate the
integral.

13
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16. 2 poms)A tank has the shape of an inverted circular cone with height 10m and base radius
5m. It is filled with water to a height of 8m. Find the work required to empty the tank
by pumping all the water out the top of the tank (the density of water is 1000kg/m?,
mass = density - volume and g = 9.8m/s?). You do not have to evaluate the
integral.

14
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17. a2pems)A tank has the shape of an inverted circular cone with height 10m and base radius
4dm. 1t is filled with water to a height of 7m. Find the work required to empty the tank
by pumping all the water out the top of the tank (the density of water is 1000kg/m?,
mass = density - volume and g = 9.8m/s?). You do not have to evaluate the

integral.

15
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18. (10 points) Solve the differential equation dy _ yeosz

dr —  1+y?
not have to solve for y.

subject to y = 1 when = = 0. You do

This is a separable equation that can be rewritten to

1—|—y2

dy = cos xdzx.

This can be written as

1
(— + y) dy = cos xdzx.
Y
Integrating both sides yields

1
In|y| + Eyz =sinz + C.

Using y(0) = 1,
01||+12' 1+~ — in0 = -
=In —y° —sinz = In — —sin0 = —.
yiT oy 2 2
Hence our answer is
In| ]—1—12—s.in9[;—1—1
yiT gy 2
dy ysinx

19. @0 points) Solve the differential equation 2 = SEes subject to y = 1 when x = 0. You do
not have to solve for y.

This is a separable equation that can be rewritten to

1+y2

dy = sin xdx.

This can be written as

1
(— + y) dy = sin xdzx.
Y
Integrating both sides yields

1
In |y| + §y2 = —cosz + C.
Using y(0) = 1,
1 1 3
C:1n|y|+§y2+cosx:1n1+§—I—COSO: 7

Hence our answer is

In| |—i—1 2—s.ingr:—i—§
YTy = 2

16
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20. (10 points) Solve the differential equation dy _ yeosz

dr —  1+y?
not have to solve for y.

subject to y = 1 when = = 0. You do

This is a separable equation that can be rewritten to

1+y3
Y

dy = cos xdzx.

This can be written as .
(— + y2) dy = cos xdzx.
Yy

Integrating both sides yields

1
In|y| + gy?’ =sinz + C.

Using y(0) =1,
(Jl||+13 i 1+ — in0 = -
= 1n —= — ST = 1n — —SInmu = —.
AL 3 3

Hence our answer iS
In |y| + L sinx + =
n -y’ = —.
yiT3y 3

21. (opointsy What is the equation of the curve that passes through the point (1, 1) and whose
slope at (x,y) is g—i? (So 2 = Z—i)

This is a separable equation that can be rewritten to

1
Integrating both sides yields
Lo +C
y  2a? '
Using the fact that we are at the point (1, 1),
1 1 1 1
C=—+4—=—-14=-=—=.
Yy + 212 + 2 2
Hence we have
1 1 1 1 1+a?
Yy 22 2y 222 2 2x2
Thus
227
Y71 + a2
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Evaluate each of the following integrals (if they converge):

22 (9 points)
/ sin® z cos® zdr = / sin? z cos® z sin zdx
= /(1 — cos® ) cos® wsin xdw = ()
Let ©w = cosx. Then du = — sin xdxz. Hence
(%) = — /[(1 —uH)ubldu = — /[u6 — u®|du
w u’ cos?x  cos’x
9 7 + 9 7 +
23 (9 points)
/ sin® z cos* xdx = / sin? z cos*  sin zdx
= /(1 — cos? x) cos® wsin xdr = (x%)
Let w = cosz. Then du = — sin zdz. Hence
(xx) = — /[(1 —uH)ut)du = — /[ * —u®du
u’oul cos’x  cos’x
- 4= - C
7 5 + 7 5 *
24 (9 points)

/ sin? z cos® zdx = / sin? z cos? z cos xdx
= /sin4 z(1 — sin® x) cos xdz = (* * *)

Let w = sinz. Then du = cos xdx. Hence

(%% %) = /u4[(1 —u?)|du = /[u4 — uf]du

5 7 sinzx  sin”x

u u
=5 oy t¢=Tg T e

18



KEY CaLcuLus 2 ExaMm 1 - FALL 2008 DR. JEFFREY PAUL WHEELER

25. (9 poins) [ sin® z cos® xdx. There are two ways to do this problem:
/ sin® z cos® xdx = / sin® z cos® z cos zdx
= /sin3 x(1 — sin® ) cos xdxr = (*)

Let ©w = sinz. Then du = cos zdx. Hence

(+) = /u3[(1 — u)]du = /[u3 — ) du

ut b sin*z  sin®x

16" 1 G
or

/ sin® z cos® zdx = / sin? z cos® z sin zdz
= /(1 — cos® x) cos® wsin xdr = (**)
Let w = cosz. Then du = — sin zdz. Hence
(xx) = — /[(1 —uH)uPldu = — /[u3 —u’)du
ub  ut cosbx  costx
- — 4 (= — C
6 1" 6 TR

26 (9 points) f tSlH 2tdt
Let uw =t and dv = sin 2tdt.

1
Then du = dt and v = —3 cos 2t.

Hence . ] . ]
/tsin?tdt = —3 cos 2t + 3 /cothdt = —3 cos 2t + Zsin2t +C.

27 (9 points) ftCOS Qtdt
Let v =t and dv = cos 2tdt.

1
Then du = dt and v = 3 sin 2t.

Hence . ) ; 1
/tsintht = §sin2t — 3 /sin2tdt = ésin2t + ZcosZt—l— C.

19
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28.

29.

30.

31.

(9 points)
-1
/ e 3t
—00
(9 points)
(9 points)
—1
/ e 2dt
—00
(10 points)

/ e 2tdt -
1

= lim e 3tdt
S§——0C s
1 -1
= lim (——6_3t)
S——00 3 s
1 1
- -3 —,—3s
simoo( 3¢ T3¢ )
14 o . :
—ge + §€ , i.e., the integral diverges

1 1
= lim (-e 22— —¢*
s——o0 \ 2 2
111
S22 2 22
-1
= lim e 2tdt

s
-1

1
1' T2t
s—1>r—noo( 2¢ )S
lim

1 1
(—562 -+ §€2s>
1

1
= —562 + 5600, i.e., the integral diverges.
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32 (9 points)
5 5
1 1
-5 T 0 A
51
=2 lim —4dx
t—>0+ t ZE
5
=2 lim (——dx)
t—0t x3 t
1 1
=21 — —
ot <3t3 3. 55
33 (9 points)
3 3
1 1
3 0o T
1
=2 lim —dx
1
=2 lim (——dm)
t—0t x ‘
1
=2 lim (— —
t—0t+ \ T
34 (9 points)
2 2
1 1
9 X o T
2
=2 lim —dx
t—0+ t X

21
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35. (9 points) Let u =3 — x. Then du = —dx and when x = 2, v = 1 and when x = 3, u = 0.

| 1 "1
d:c:/ ——=du = —=du
/2 3—w 1 Vu 0o Vu

= lim u 2du
t*>0+ t
!
= lim <2u5)
t—0t+ t
— lim (2—2\/E> —9
t—0t

36. (9 points) Let u = x — 2. Then du = dx and when x = 2, v = 0 and when x = 3, u = 1.

1
1
dx = / —du = ... = 2 by the previous problem.
/ vV — 0 Vu

37. (10 points) Let u = 3+ x. Then du = dxr and when x = —3, v = 0 and when x = -2, u = 1.

1
1
dx = / ——du = ... = 2 by the previous problem.
/ V3 0 Vu

48
38 (9 points) f$2+33 6

First we note that
T+ 8 B A B

a:2+x—6_x+3+a:—2'
Hence x + 8 = A(z — 2) + B(z + 3) = Ax — 2A + Bz + 3B. This gives us

1 =A+ B — (multiply by 2) — 2 =2A+ 2B
8 =-2A+3B »>—>—>————>—8=-2A+3B

Adding the two equations together gives us 10 = 5B, or B = 2. Hence A = —1. So

x+3 2 1
——dxr = — d
/xQ—I—a:—Gx /(x—Z :1:—|—3) v

=2In|z -2 —Injz+ 3|+ C.

22
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39. @ points) | =t —dx. First we note that

x?—z—2
r+7 A n B
2—r—2 -2 ax+1
Hence x + 7= A(z + 1)+ B(x — 2) = Ax + A+ Bz — 2B. This gives us

1= A+ B — (multiply by 2) — 2 =2A+ 2B
8§=4-2Bb——>—>—>——> s s8=—A—_28B

Adding the two equations together gives us 9 = 34, or A = 3. Hence B = —2. So

x4+ 7 3 2
/x2—x—2dx_/<x—2_x+1)dx

=3njz -2 -2Injz+ 1|+ C.

40. (9 points) f m;f:f_de. First we note that

r+5 A n B
2+z—-2 2+2 x-1
Hence x +5 = A(z — 1) + B(z + 2) = Ax — A+ Bz + 2B. This gives us

1=A+2B
b=—-A+2B

Adding the two equations together gives us 6 = 3B, or B = 2. Hence A = —1. So

/w_%dx:/ 2 1\
24+ x—2 r—1 x4+2

=2In|z— 1| —In|z+ 2|+ C.

41. (9 points) [ 2+5 _ 7. First we note that

2 —x—2
T+ 5 B A . B
2—x—2 x—2 ax+1

Hence © +5 = A(x + 1) + B(z — 2) = Ax + A+ Bz — 2B. This gives us

1 =A+ B — (multiply by 2) - 2=2A+2B
5= A—-92B »———>5—5—s s s5=A—2B

Adding the two equations together gives us 7 = 34, or A = % Hence B = —%. So

/ﬂf_ﬁdx:/ 55
2 —ax—2 x—2 x+1

4
zgln|m—2f—§ln|x+1|+0.

23
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42. (9 points) Let © = sec. Then dx = secftanfdf. Moreover, when x =1, 1 = sec & 1 =
cosf,ie. # =0. When x =2, 2 =secl & % =cosf, ie. 0 =7%. So

22?21 5 \/secZl — 1
—dx = —secftan 0d0
1 x 0 sec 0
= /3 Vtan? 0 tan 6d6
0

3
:/ tan? 6df
0

:(tan0—0)§ :\/_—g.

43. (10 poinsy What is the average value of the curve y(t) = tsin 2t over the interval [0, 27]7?
By question 26,
t 1
/tsin 2tdt = —5 cos 2t + 1 sin 2t 4 C.

Hence

1 2m
favg = on — 0 /0 t sin 2tdt

1 t 1 2

:% (—50052t+zsin2t>0
1 0 1 2 1

= 7 (l—§COSO+ZSiHO:| — {—gcos4w+zsin47r]>
1

1

24



