KEY - WHEELER FALL 2008 Calculus II-Exam 2

Answer each of the following. Choose One: GRADE MY WORK/ANSWERS). If you
want your work graded (i.e. if you want partial credit), please show all work (no work=no
credit).

1. (16 points) Solve the initial-value problem
v =x—v, y(1) = 1.

Solution:
First, rewrite the equation as ¢ +vy = x. Then
I(z) = e/ 1% = ¢, Multiply both sides of the equation by this factor to get:

ey + yet = ze”.
This can be written as p
—(e®y) = ze”.
7€)

Hence

ety = /:L"egcdm (Let w = x and dv = €®dx. Then du = dx and v = €*.)

= ze® — /exd:v

=zge® — e+ C.

Dividing both sides by e”:
y=x—1+Ce ™.

Using the initial value y(1) = 1:
1=1—1+ Ce™! which gives us C' = e. Hence

y=r—1l4+ee “=ax—1+e""

Alternate Solution:

The complementary equation of ¢y +y = x is r + 1 = 0 which gives r = —1. Hence
Ye(r) = c1e™®. As well, y,(r) = Axr + B thus y,(r) = A. Substituting these into the
equation gives A + Ax + B = z which gives rise (by comparing coefficients) to the
equations A =1and B+ A =0. Thus A =1 and B = —1, i.e. y,(r) = 2 — 1. Hence
y(x) = ye(x) + yp(r) = c1e”® + = — 1. This leads to the same solution as above.



2. (16 points) Solve the initial-value problem
y=xz+y, y(-1)=1

Solution.:
First, rewrite the equation as ' —y = . Then
I(x) = e/ 714z — o= ©Multiply both sides of the equation by this factor to get:

ey —ye ™ = xe ",
This can be written as p
—(e7"y) = xe ",
G

Hence
ety = /xexd:v (Let u =2 and dv = e *dz. Then du = dx and v = —e™ ")

=—ze "+ [ e ¥dx
=—xe " —e "4+ C.

Multiplying both sides by e*:
y=—x—1+Ce".

Using the initial value y(—1) = 1:
1 =1-—1+ Ce ! which gives us C' = e. Hence

1.

y=—-x—1+ece” =e¢"
Alternate Solution:
The complementary equation of ¢y —y = x is r — 1 = 0 which gives r = 1. Hence
Ye(r) = c1e®. As well, y,(r) = Az + B thus y,(r) = A. Substituting these into the
equation gives A — (Ax + B) = x which gives rise (by comparing coefficients) to the
equations —A =1 and A — B =0. Thus A = —1 and B = —1, ie. y,(x) = —v — L.
Hence y(z) = y.(x) + y,(x) = c1e” — 2 — 1. This leads to the same solution as above.
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3. (16 points) Solve the initial-value problem

y =z — 2y, y(l) =1.

Solution:
First, rewrite the equation as 3’ + 2y = x. Then
I(x) = el 2dr — ¢2r Multiply both sides of the equation by this factor to get:

62:/1:y/ + 262a:y _ erCE.

This can be written as p
7 (p2x — 2x.
T (e*y) = xe

Hence

1
Xy = /xe2””dx (Let u = x and dv = e**dz. Then du = dr and v = 5629”.)

1 1
= —ge*® —/—edem
2 2
1 1
= —ge® — ~e* 4+ O
2
Dividing both sides by €%*:
1 1
— e _ = C 721.
y=5%— 7 + Ce

Using the initial value y(1) = 1:

1=1—1+ Ce? which gives us C' = % Hence
1 1 n e? . 1 1 n e? 2
= - — — —e = —-r — —
YT T LT 2" 1T

Alternate Solution:

The complementary equation of 3’ + 2y = x is r + 2 = 0 which gives r = —2. Hence
Ye(z) = c1e7**. As well, y,(z) = Az + B thus y,(x) = A. Substituting these into the
equation gives A + 2(Az + B) = z which gives rise (by comparing coefficients) to the
equations 24 =1 and A+2B =0. Thus A = ] and B = —1, i.e. y,(z) = s — ;. Hence
y(z) = ye(z) + yp(x) = c1e7? + Sz — 1. This leads to the same solution as above.
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4. (16 points) Solve y” — 2y +y = 2.

Solution:

The complementary equation is 72 — 2r + 1 = 0 which factors to (r — 1) = 0. Hence r
has 1 as a double root. Thus y.(z) = c1e” + coze®.

Let y,(z) = Az? + Bz + C. Then y,(z) = 2Az + B and y, (x) = 2A. Substituting these
into the original equation:

2A —2(2Ax + B) + Ax? + Bx + C = A2® + (B — 4A)x +2A — 2B + C = 2*.

Comparing coefficients of 22 gives us first that A = 1. Comparing the coefficients of x
yields the equation B —4A =0 or B =4A. But A =1, hence B = 4. Lastly, comparing
the constant terms gives us 2A —2B+C =0or C =2B —2A. But A=1and B = 4.
Thus C' =2-4—2-1=6. So y,(z) = 2® + 4x + 6. Putting the pieces together

Y(7) = yo(z) + yp(7) = c1€” + cowe” + 2° + 4 + 6.

5. (16 points) SOIVG y” - y/ - 2y — —21'2.

Solution:
The complementary equation is 72 —r — 2 = 0 which factors to (r —2)(r+1) = 0. Hence
r=—1,2. Thus y.(z) = c1e™% + cpe?.

Let y,(z) = Az?> + Bx + C. Then y)(z) = 2Az + B and y(x) = 2A. Substituting these
into the original equation:

2A — (2Ax + B) — 2(A2® + Bx + C) = —2A2” + (=24 — 2B)x 4+ 2A — B — 20 = —22°.

Comparing coefficients of x? gives us first that —2A4 = —2 or that A = 1. Comparing
the coefficients of = yields the equation —2A — 2B = 0 or B = —A. But A = 1,
hence B = —1. Lastly, comparing the constant terms gives us 2A — B — 2C' = 0 or
C=302A-B). ButA=1land B=—1. Thus C = 1(2+1) = 2. Soy,(z) =2?—z+32.
Putting the pieces together

3
y(r) = ye(x) + yp(l") =ce "+ 026% +22—r+ 3
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6. (16 points) SOlVe y” + 4y — 8.1‘2

Solution:

The complementary equation is 72 + 4 = 0 which means r = +2i. Thus y.(z) =
€1 COS 22 + cosin 2.

Let y,(z) = Az? + Bz + C. Then y,(z) = 2Az + B and y, (x) = 2A. Substituting these
into the original equation:

2A + 4(Ax® + B + O) = 4Az* + 4Bx + 2A + 4C = 82°.

Comparing coefficients of 22 gives us first that 44 = 8 or that A = 2. Comparing the
coefficients of x yields the equation 4B = 0 or B = 0. Lastly, comparing the constant
terms gives us 24 +4C =0 or C = —4. But A =2 thus C' = —1. So y,(z) = 22% — 1.
Putting the pieces together

Y(r) = yo(z) + yp(x) = c1 co8 27 + ¢y sin 27 + 22% — 1.

Determine whether the following series converge or diverge. Be sure to state which
test(s) you have used. If the series is convergent, find its sum.

7. (11 points)

=, 2
P

=0

3

Solution:
This is a geometric series with common ration r = % Since |r| < 1, the geometric series

converges to

i3—2+2+2+ _ 2 3
L3 7309 1-1 7

8. (11 points)

>3
e

n=0

Solution:
This is a geometric series with common ration r = % Since |r| < 1, the geometric series

converges to

.3 3 3 3
227—3+§+1+---—1_%—6.

n=0
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10.

11.

12.

(11 points)
>
n=1 \/ﬁ
Solution:
This is a p-series with p = % which is less than or equal to 1, therefore the series diverges.

(11 points)

=, 3

Solution:
This is a p-series with p = % which is less than or equal to 1, therefore the series diverges.

(11 points)
[e.o]

3

—-
n
n=1

Solution.:
This is a p-series with p = 2 which is greater than 1, therefore the series converges.

(11 points)
f: n?+2n+1

n2—n-—2"
n=1

Solution:

ConP42n+1 .o 2n+2
lim ———— = lim
n—oo 77,2—77,—2 n—>00277,—1

2
= lim 5 (L’Hospital’s Rule)

n—oo

(L’Hospital’s Rule)

=1.

Since a,, /4~ 0 as n — oo, the series diverges by the Test for Divergence.

[NOTE: n = 2 gives an "infinite” term, which could be another way to argue that the
series diverges.|
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13. (20 points) Find a power series representation of the function f(z) = In(1 + 2?) and deter-
mine its interval of convergence.
Solution 1:

Letting # = 0 shows that C' = 0. Now replace z in the above equation by —z?. Hence

In(1 + 2%) = In(1 — [-2?])

o0 [_x2]n+1
T —on +1
_ i (=D
— n+1
B i (_1)n+1 (12)11+1
N n=0 n+ 1
io: (_1)n+2x2n+2
— n—+1
B i (_1)n+1x2n
= - .
n=1
Solution 2:
2z
I J—
) = 1+ 22
9 1
= 2x
1 — [—a?]
=21 Z[—xQ]”
n=0
=2z Z(—l)”.ﬁlz%
n=0
— 2 (_1)nx2n+1
n=0



14.

Therefore

| |
—
/\

n 2n+1> d[L‘

2n+2
- 2 2 2
n:O n+
> ( )n 2n+2
- nZ:O n+1
o0 (_1)n+1$2n
s

—_

n—

In each method we used the geometric series replacing x by —2. Thus we have conver-
gence when | — z?| = |z|* < 1, i.e. R = 1. Checking the endpomts, let x = —1. Then
the series is

n+1 2n 3n+1

o o
n=1 n=1

Note that b,,1 < b, for all n > 1 and that b, — 0. Hence the series converges by the
Alternating Series Test. Now let x = 1. Then the series is

f: (_1)n+1(1)2n B i": (_1)n+1
n=1 n n=1 n
Note that b,,1 < b, for all n > 1 and that b, — 0. Hence the series converges by the

Alternating Series Test. Therefore

[=[-1,1].

(20 points) Find a power series representation of the function f(z) = z?-In(1 + z?) and
determine its interval of convergence.

Solution:

Same as previous question except that we must multiply the power series by z2.
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. . . . 3 .
15. (20 points) Fiind & power series representation of the function f(x) = (H””T)Q and determine
its interval of convergence.

Solution 1:
1 o0
-1 _ _ n
(1—2x) —1_x—;x SO
(1—2)?2= an"’l = an”’l
n=0 n=1
So
3 5 1
= 1’ .
(1+2?) (1 — [—a?])?
— 3 Z n[_xQ]n—l
n=1
_ .1’3 Z n( 1)n71x2n72
n=1
_ Zn(_l)n 1,.2n+1
n=1
Solution 2:
1 1 o0 o0
_ _ 2\n __ n, .2n
1+ 22 1= (_$2) —Z(—ZE ) _Z(_1> z
n=0 n=0
-9 a
differentiating both sides: ﬁ = Z(—l)"(Zn)xQ”_l.
=0
So
3 B 2 —2x
A+ =3 (1+a2)
— i 2n71

n=1

(_1)n—1nx2n+1‘

||
e L% ia

n=1

Each method used the geometric series replacing « by —a2. Thus we have convergence
when | —2?%| = |z|? < 1, i.e. R =1. Checking the endpomts, let = —1. Then the series
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18

o0

S (=1 =D = 3 (=)

n=1 n=1

Unfortunately we must check this by looking at the partial sums (the lack of absolute
convergence tells us nothing!). So

Sop=(=142)+ (=3+4) + -+ (—[2k — 1] + 2k)
=1+1+---+1
= k.

Thus the limit of the (even) partial sums diverges, so the series diverges.
OR

lim, o0 (—1)*"n D.N.E., therefore, by The Test for Divergence, the series > 2 (—1)*"n
diverges.

Regarding x = 1, the series is

i n(_1>n7112n+1 — i(_mnln_
n=1 n=1

A similar argument as above shows this series also diverges. Hence

I=(-1,1).
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16. (5 pointsy Find the Taylor series for f(z) = Inx centered at a = 1 (assume that f(z) has a
power series expansion; i.e. you do not have to show that R, (z) — 0).

Solution:
f(z)=Inz so f(1)=0
Fla) =o' so f(1) =1
Pila) =~ so f/(1) = -1
f”l($> — 2113_3 SO fm(l) -9
fO)==3-227* so fH(1)=—6
So

n!
:O—I—%(x—1)+%(x—1)2+%($—1)3+;—!6($—1)4+---
=S (! (n ;!1) (x—1)"
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17. 5 pointsy Find the Taylor series for f(z) = sinz centered at a = 7 (assume that f(z) has
a power series expansion; i.e. you do not have to show that R, (z) — 0).

Solution:
() =sinz so f(r) =0
f'(x) =cosz so f(m)=—1
f"(x) = —sinz so f’(x) =0
f///(x) = —COSXT SO f///(ﬂ) 1
f(4)(:v) =sinx SO f(4) () =0
So
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18. (5 pointsy Find the Taylor series for f(x) = cosx centered at a = 7 (assume that f(z) has
a power series expansion; i.e. you do not have to show that R, (z) — 0).

Solution:
f(x) =cosz so f(m)=—1
f/(l') = —sinx so f,(ﬂ') =0
f"(x) = —cosx so f'(r)=1
f”/(l" —sinz  so f”/(ﬂ') —0
fW(x) =cosz so fD(r) = -1
So

r—7mP 4+ —(z—m)t+---
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